The α ′2 deformation of D = 10 SYM is the natural generalisation of the F 4 term in the abelian Born-Infeld theory. It is shown that this deformation can be extended to α ′4 in a way which is consistent with supersymmetry. The latter requires the presence of higher-derivative and commutator terms as well as the symmetrised trace of the Born-Infeld α ′4 term.
Introduction
We consider the problem of deforming ten-dimensional maximally supersymmetric Yang-Mills theory by higher-order corrections (controlled by α ′ in string theory) while preserving supersymmetry. The (unique) lowest-order correction, which occurs at order α ′2 , is in accord with the symmetrised trace Born-Infeld prescription [1] , but it has been known for many years that this is not the whole story [2] . Indeed, there is a term at α ′3 that is not present in the abelian theory [3, 4, 5, 6, 7, 8, 9] , a fact that can be understood from the point of view of spinorial cohomology [10] and also because it is the full superspace integral of the Konishi superfield [7] which vanishes in the abelian limit. The purpose of the current paper is to extend the α ′2 term to the next order, i.e. α ′4 . 1 This is already a non-trivial task and, although string theory considerations suggest that this should be possible, until now there has not been a proof that it can be done. 2 The only result at order α ′4 in D = 10 is the computation of the purely bosonic terms in the action carried out in [15] , although some fully supersymmetric α ′4 terms were written down for D = 4, N = 4 SYM in [7] . The reason for the complications is that, although the α ′2 -correction is given by a symmetrised ordering of fields, so that the calculations at this order almost follow the abelian case, these will give rise to terms at order α ′4 involving nested symmetric products of the form Sym (AB Sym (CDE)), where A, B, C, D, E are SYM fields. Now Sym (AB Sym (CDE)) = Sym (ABCDE); in fact, they differ by terms that involve two and four commutators of A, B, C, D, E. This means that at this order the non-abelian nature of the gauge-group (which we take to be U (k)) really manifests itself.
The α ′2 deformation of SYM is very special. It is the only single trace (i.e. arising at tree level in string theory) invariant that cannot be easily extended to all orders in α ′ . The reason is that all other single trace invariants one can add to the action can be written as full superspace integrals [7, 11] , i.e. integrals over all 16 odd coordinates of the superspace. Such an expression is manifestly supersymmetric and, although adding a deformation like this changes the equations of motion (and the invariants are on-shell invariants, i.e. defined modulo lowest order equations of motion), these changes are accounted for order by order by other terms that are also full superspace integrals.
In the case of an abelian gauge-group the α ′2 -correction can be completed to all orders in α ′ and gives rise to supersymmetric Born-Infeld. It is the p = 9 case of the action for a single Dp-brane [12, 13, 14] in flat IIB superspace. In the non-abelian case it should give rise to something that might be called "non-abelian supersymmetric Born-Infeld" since it is the minimal invariant that includes abelian Born-Infeld. The name is perhaps a bit misleading as we will see that terms involving derivatives of the fields have to be included. In particular, terms that reduce to higher-derivative terms in the abelian case decouple and are therefore absent in the standard supersymmetric Born-Infeld approximation.
Let us note that the fact that higher derivative terms have to be included to get a supersymmetric action (as noted already in [15] ) is also the reason why many other attempts at constructing an action for coincident D-branes have not been so successful. In the abelian case the supersymmetric Born-Infeld action can be nicely derived using the superembedding formalism [16, 17] , where kappa-symmetry is interpreted as worldvolume supersymmetry (for a review see [18] ). This approach has been extended to the non-abelian case by including boundary fermions (representing Chan-Paton factors) for the string [19, 20, 21] . The boundary fermions are treated as classical until the end when they are quantised. This approach maintains manifest supersymmetry and kappa-symmetry up until the final step when the boundary fermions are quantised. In the bosonic case it can be used to obtain the action of Myers [22] , as was shown in [20] . Although this approach is pleasingly geometrical we show here that it is unfortunately incomplete since it does not include the higher-derivative terms needed for supersymmetry. This means that the (naive) quantisation of the boundary fermions spoils the supersymmetry. An interesting question, which we hope to return to in the near future, is whether the approach can be modified to fix this problem. For some recent alternative work on the superembedding approach to the problem see references [23, 24] .
The approach we will use is based on spinorial cohomology [25, 26] which is in turn related to the pure spinor formalism for supersymmetry in ten and eleven dimensions [27, 28, 29, 30] ; it was briefly outlined at α ′4 in [31] . It makes use of the fact that D = 10 SYM can be defined by the constraint on the (0, 2)-component of the SYM field strength. The α ′2 deformation induces higher-order terms and we shall work these out at order α ′4 . After setting up our conventions we describe the theory at lowest and first order before turning to the induced α ′4 terms in section 5 where we are guided by results from the superembedding formalism. It is shown that further terms are necessary and these are described in the text. In section 6 we describe an alternative method which constructs the action directly using the "ectoplasm" formalism. We then state our conclusions in section 7 while there are three appendices giving more details of the main calculation.
Conventions and tools

N = 1 superspace
We take the supervielbein of flat D = 10, N = 1 superspace to be
where a = 0, . . . , 9 and α = 1, . . . , 16 are tangent space indices (we will often suppress the spinor indices as in the first line). The only non-vanishing components of the torsion are then
A superspace n-form can be split invariantly into (p, q)-forms where p + q = n and p (q) denotes the even (odd) degree of the form,
We will denote the (p, q) component of ω as ω p,q .
Conventions for super Yang-Mills
The field strength of SYM is
and the gauge-covariant derivative is
In components this means we get
where the commutator becomes an anti-commutator if both Φ and the component of F concerned are odd.
There is some redundancy in the definition of the gauge field which can be removed by imposing the following conventional constraints on the dimension zero and dimension one-half super YangMills field strength γ αβ a F αβ = 0 (2.8) and
where λ is the spinor superfield and χ is gamma-traceless, i.e. (γ b ) αβ χ bβ = 0.
In components the Bianchi identity DF = 0 reads
The gamma-contraction of the lowest dimension Bianchi determines χ completely in terms of F αβ
While the second (dimension 1) Bianchi identity gives
which determines D α λ (recursively). Finally the third Bianchi identity gives
Superspace cohomology
Superspace has some interesting notions of cohomology associated with it. This can be seen as follows. The exterior derivative can be split according to degree as [32] 
The first condition allows us to define t 0 -cohomology [32] . The cohomology groups H p,q t consist of t 0 -closed forms modulo t 0 -exact terms. Throughout the paper we shall use the notation '∼' to mean belonging to the same t 0 cohomology class. In components we have 22) for some Z.
We can now go one step further and define what is known as spinorial cohomology [33, 34] (it is essentially equivalent to pure spinor cohomology [35] ). We see that on t 0 cohomology classes 23) which means that we can define spinorial cohomology associated to the exterior derivative d s , 
When we work with expressions at order α ′4 the Yang-Mills fields will be taken to satisfy the lowest-order equations of motion, i.e. those of pure SYM, so this notion of spinorial cohomology will be relevant for us.
Deformations of SYM
We start from the known α ′2 -correction to the constraint on the lowest-dimensional component of the SYM field strength, F 0,2 = F 1 0,2 + O(α ′4 ). Using this we can compute D 1 λ and D 1 F 2,0 up to first order (α ′2 ). This then allows us to compute D 1 F 1 0,2 to second order (α ′4 ). The Bianchi identity for the dimension zero field strength says that We will see that in our case there is no obstruction and a solution for F 2 0,2 can be found (as suggested by string theory). The solution will turn out to be quite non-trivial however and in particular will involve higher-derivative (and commutator) terms.
We will now describe SYM at lowest order (α ′0 ).
Lowest order or pure super Yang-Mills
At lowest order super Yang-Mills is defined by
or in form notation F 0 0,2 = 0. Since, using (2.14), this implies χ 0 = 0 we immediately see from (2.15) that
and from (2.16) that
We will also need the equations of motion which can be obtained by using the above expressions and the identity
which implies the Dirac equation for the fermion
The bosonic equation is easily obtained by taking a spinor derivative of the equation for the fermion. We find
We now turn to the first supersymmetric correction to SYM which occurs at order α ′2 .
First correction (order α ′2 )
The first correction to the dimension zero component of F was given in [36, 37] while cohomological methods were used to show that it is unique up to field-redefinitions in [25, 26] . It is given by
where Sym stands for symmetrised ordering of the fields (see Appendix A). The second expression will be more convenient for some of our calculations since only the first term is non-trivial in t 0 -cohomology . In order to find χ 1 , the first correction to χ (defined in (2.9)), we compute, using the lowest order expressions for D α F ab and D α λ in (3.3) and (3.2)
where we've replaced the γ (5) -part of the last term by the symmetric part minus the γ (1) -part to simplify the calculation. Using this we get
Using the gamma-matrix identities
together with the lowest order equation of motion for λ we get
The last three terms ensure that χ is indeed gamma-traceless. Knowing χ 1 , the first correction to F aβ , allows us to compute the first correction to D α λ and D α F ab . In particular we have
so we see that we need to compute D (α χ 1 β)k . In fact it turns out that for our calculations we will only need D s χ, i.e. we can work in t 0 -cohomology. Doing this we find that the expression consists of four types of terms, schematically
The F 3 -terms are the easiest. They come from the first and fifth term in the expression for χ 1 and a short calculation gives
Terms with DF and {λ, λ} come from the third, fourth and last term. We get using the lowest order equation of motion and the Bianchi identity for F ab
Finally we have the terms
For the combination appearing in D α λ the last term from each expression above cancels the contributions from D k F 1 αβ and we have
Using these expressions one can compute explicitly the α ′2 -corrections to D α λ and D α F ab (although one would have to reinstate the t 0 -exact terms). However we will only need the expressions computed here to address the problem of constructing F αβ at the next order, i.e. α ′4 .
5 Induced terms at second order (α ′4 )
We now want to see what terms in F αβ are generated at the next order, i.e. α ′4 , by requiring the α ′2 correction to be consistent with the Bianchi identities. From (4.1) we have
Note that D α λ and D α F ba are treated as a single object in the symmetrization even though they are composite fields beyond lowest order in α ′ . We are only interested in terms which cannot be compensated for by χ 2 , i.e. terms which are non-trivial elements of the t 0 -cohomology, hence the ∼ instead of equality. Using the Bianchi identities, in the form (2.15) and (2.16), we get at second order
The quantity in brackets is precisely what we computed in (4.11), while χ 1 was computed in (4.5). In fact the terms in D b χ a of the form γ a · . . . give rise to t 0 -exact terms, so these terms can be dropped. The only terms in χ 1 that contribute to the second term are therefore
We can now compute Let us explain the notation used here. It is convenient to use a notation where the structure of a term as far as the fields it contains, λ, F ab and covariant derivatives thereof, and the gammamatrix structure is separated from the gauge structure, i.e. the ordering of the fields. The letters A-K denote terms with different structure of fields and covariant derivatives and the subscript denotes terms with different gamma-matrix structure. The relevant terms are defined in Appendix B. Finally the superscript denotes the gauge structure i.e. the ordering of the fields. The fields are labeled 1, 2, 3, . . . according to the order in which they appear in the definition of a given term in Appendix B, for example B 13245 1 means B 1 as defined in Appendix B but with the second and third factor interchanged. Care must be taken to include a minus sign when two fermionic factors are interchanged. Finally (graded) commutators are denoted for example [12] in superscripts and (graded) symmetrization for example (123).
In order to construct super Yang-Mills at this order one should find F 2 αβ , the α ′4 -correction to
Our task is to determine F 2 0,2 . To get an idea of the terms F 2 0,2 should contain we will first use the results of the generalised superembedding formalism. This will turn out not to give us the full answer but it will get us some of the way.
Comparison to the superembedding approach
The superembedding formalism, generalised to the non-abelian case by including boundary fermions (representing Chan-Paton degrees of freedom) for the string, can be used to derive super Yang-Mills including α ′ -corrections [19, 20, 21] . Due to the semi-classical treatment of the boundary fermions the ordering of the fields in the case of a non-abelian gauge-group is however not determined. The "natural" ordering, i.e. symmetrised ordering, is correct at lowest order (α ′2 ) but fails at the next order as we will demonstrate.
The expressions that follow from this generalised superembedding approach are [19] 
The super Yang-Mills field strength and the spinor field are denoted f and Λ here since they differ by a field redefinition (that we will determine below) from the ones considered in the previous sections. Note that these expressions are exact in the sense that they incorporate a complete set of consistent α ′ -corrections (modulo the subtlety with the ordering in the nonabelian case mentioned above). The expression (Λ, Λ) denotes a Poisson bracket with respect to the boundary fermions and is to be interpreted as a (anti-) commutator upon their quantization. The spinorial derivative of Λ appearing in the above equation is given by
while h α β can be determined from the dimension 1 Bianchi identity, using
This gives the following expression for h up to order α ′2
It is possible to give an exact (all orders in α ′ ) expression for h but we will not need it here.
We will now determine the field redefinition that relates the conventionally defined fields F and λ to the ones appearing in the superembedding equations. Let a be the potential corresponding to f , i.e. f = da − a ∧ a, while F = dA − A ∧ A. Next we write a b = A b + a ′ b and require the conventional constraint γ
Using A α = a α together with the expression for f αβ to first order (α ′2 )
we get
The spinor field λ is conventionally defined so that (γ a ) αβ F aβ = −5iλ. Using the expression for a ′ b as well as the expression for f aβ this condition gives
And finally we have, using again the expression for a ′ b ,
(5.14)
We will now consider the terms in F 2 0,2 coming from the superembedding approach (with symmetrised ordering).
Terms at order α
′4 coming from the superembedding approach
Motivated by the analysis of the superembedding approach in the previous section we make the field redefinitions
Note that although the ordering is not determined by the generalised superembedding approach (when the boundary fermions are treated classically) it is natural to take the symmetrised ordering, indeed we know that this is the ordering that appears at order α ′2 .
Performing these field redefinitions the lowest order (α ′2 ) terms in f αβ in (5.7) gives rise to additional terms at order α ′4 . We find where the terms are defined in Appendix B.
In addition to this we have the α ′4 terms in F 0,2 coming from the α ′4 terms in f αβ in (5.7). From the first term in (5.7) we get
Using the superembedding expression for D α Λ, (5.8) and (5.10) and using the symmetrised ordering we find
(This could of course be verified directly, without using the superembedding approach, but we will not need to do this here).
We therefore have Finally we have the last two terms in the superembedding expression for f αβ , (5.7), and which start at order α ′4 . Taking the symmetrised ordering they are where the factor 9 multiplying the superembedding terms is due to the fact that the α ′2 -correction has an extra factor of 1 3 in the superembedding expression (5.7). We see that, except when the gauge-group is abelian, the superembedding approach (with symmetrised ordering) gives almost the complete answer at order α ′4 but not quite (unlike at order α ′2 where it gives the complete answer). We now turn to the problem of finding the terms not captured by the superembedding formalism. We will see that they are related to what amounts to higher derivative corrections in the abelian case.
The key idea to understanding how to cancel these remaining terms is to rewrite the terms with nested symmetrizations, e.g. A This leaves us with terms with two (or three from the K-terms) and four (or five) commutators that can not be accounted for by the superembedding formalism. These should instead be related to higher derivative terms. The need to include what corresponds to higher derivative terms in the abelian case, in particular the ∂ 4 F 4 -terms in the action at order α ′4 was already noticed by Koerber and Sevrin in [15] when they derived the bosonic terms in the action at this order. We now need to find what terms to include in F 2 0,2 in order to cancel these terms.
Higher derivative/commutator terms
In the abelian case there's a unique (up to field redefinitions) higher-derivative correction at order α ′4 , corresponding to the ∂ 4 F 4 -term in the action [39, 40] . It can be written as a term
in F αβ . In the abelian case this term is trivially closed (but not exact) in spinorial cohomology since D a reduces to ∂ a , so that it represents a supersymmetric correction to SYM, but in the non-abelian case a spinorial derivative of this term gives rise to commutator terms when the spinor derivative acts on the covariant derivatives. One can try to add other terms to cancel these extra commutator terms and working order by order in the number of commutators in the symmetrised expression. With a lot of work this can be done and we will now give the solution (some details are provided in Appendix C).
The remaining terms in
The higher derivative/commutator terms in F 2 0,2 are which cancels the terms with four and five commutators given in (5.26) and (5.28). The expressions for Q, R, S and T are somewhat lengthy and are given in Appendix C which also contains some details of the calculation. The leading term in Q (123) gives precisely the abelian ∂ 4 F 4 -correction mentioned above.
Thus we have completed the construction of F 0,2 at order α ′4 . It is given by the superembedding expression plus the higher derivative terms constructed above 
Action form
We recall that, given a closed superspace D-form, L, in a superspace with D even dimensions, the integral of its purely even component over spacetime automatically defines a superinvariant [41, 42, 43] . Clearly, this integral is unchanged if an exact piece is added to L. In D = 10 it turns out that the lowest non-trivial component of such a form is L 5,5 , and that this will have the structure L 5,5 = γ 5,2 M 0,3 . (γ p,2 is the p-index symmetric gamma matrix considered as a (p, 2)-form.) One reason for this is that the lowest component is t 0 -closed and H p,q t = 0 for p > 5; the other is that L-forms with cohomologically non-trivial lowest components with p < 5 do not contain singlet L 10,0 components. This fact sets up a direct correspondence between the "ectoplasm" approach and pure-spinor integration theory in D = 10 [35] . 
where H 3 and H 7 are closed forms which in flat superspace can be taken to be γ 1,2 and γ 5,2 respectively. At order α ′0 , W ′ defines the on-shell standard SYM action while W gives the F 4 invariant. However, the latter can also be described by W ′ if we allow α ′2 corrections to F [35] . When we come to the α ′4 corrections described above it turns out that both W s are required in order to achieve Weil triviality.
To see this, let us begin with the hypothesis that it is only necessary to use W . To describe the α ′4 corrections we need to examine W at first order (α ′2 ), whereas we would need second order for W ′ . The lowest component of W 1 is
Now we can write
where X abcδ = − 1 2 (γ abc λ) δ . Since both F 0 1,1 and F 1 0,2 are t 0 -closed, it therefore follows that W 1 4,7 = t 0 K 5,5 where K 1 5,5 = SymTr(X 3,1 (F 0 1,1 ) 2 F 1 0,2 ). If W 1 were to be exact by itself we would need to show that W 1
. It is not difficult to see that this is not the case, and that we are left with Although this is a nice approach to the action itself, it is not independent of the F deformation calculation described above. This is because W must be closed, and since W ′ must be considered up to α ′4 this requires that (
s . Indeed, F 2 0,2 appears in W ′2 6,5 in the term γ 5,2 F 0 1,1 F 2 0,2 . This is t 0 exact and therefore gives rise to a contribution to the (7, 3) component of K which will in turn affect the action itself. (The action is given by K 10,0 as the Chern-Simons term has no purely bosonic part in flat superspace.)
Conclusions
We have extended the (unique) α ′2 -correction to ten-dimensional SYM, given by a symmetrised ordering of the corresponding abelian expression [26] , to the next order, i.e. α ′4 . Until now there has not been a proof that this was possible, i.e. that the very non-trivial cohomological problem one has to solve has a solution (although string theory suggests that this should be the case). Moreover, we believe that the solution we have given is unique up to field redefinitions due to the absence of independent single-trace invariants at this order in α ′ . In terms of the constraint on the dimension zero field strength (which defines SYM to a given order in α ′ ) we have found
where F SE αβ is the result obtained from the generalised superembedding formalism [19, 20, 21 ] involving a symmetrised ordering of the fields. The second term reduces to the ∂ 4 F 4 -correction in the abelian case and . . . denotes a number of terms involving commutators (with quite an intricate structure). This result has been established for the gauge group U (k); it should be possible to consider others but not without significant changes to the details of the calculation.
We therefore see that the superembedding formalism with boundary fermions does not, by itself, seem to be able to give the complete correction at order α ′4 , and it is necessary to introduce further terms in order to accomplish this. Perhaps this situation could be remedied by an improved treatment of the quantum aspects of the boundary fermions. This is an interesting question which clearly requires a better understanding of the structure behind the complicated looking higher derivative/commutator terms if we are to make further progress. Another interesting question is whether SYM at α ′4 admits a second, non-linearly realised, supersymmetry. This should be the case for there to be an interpretation in terms of D9-branes in flat superspace.
We have worked here with the SYM-constraint rather than with the equations of motion or the action. In addition, in section 6, we saw that it is possible to construct the action from these results using the "ectoplasm" formalism, an interesting feature being the fact that eleven-forms involving both TrF 2 and TrF 4 terms are required.
Finally, we note that the situation may be different in D < 10, because it may well be that the higher-derivative terms and some of the commutator terms could decouple. In the abelian case in D = 10 the F 4 action can be derived from the eleven-form W = H 3 F 4 , and this can be extended to d 4 F 4 by the insertion of derivatives in W . In the non-abelian case this is not possible because covariant derivatives would be required and their presence would spoil closure. This explains why these terms get induced at α ′4 from the α ′2 Born-Infeld deformation. However, in D = 9 and below, the field strength superfield is a scalar, φ r , r = 1, ..n = (10 − D), from which it is easy to construct d 4 F 4 invariants by integrating four powers of φ over the full superspace. For D ≤ 8 there are two such terms [7] .
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Appendices
A Identities involving symmetrised ordering
The symmetrised product of n fields Φ 1 , . . . , Φ n in the adjoint of the gauge-group U (k) is defined as
Perm(1,...,n)
Some useful identities are
We can now derive an identity that we will need. Taking C to be Sym (CDE) in the first identity above gives Using the other identities and the fact that the commutator acts as a derivation as well as the Jacobi identities this can be written .6) or more compactly, denoting the ordering of fields as a superscript, The terms are defined for an arbitrary ordering of the fields. Spinor indices are suppressed and understood to be symmetrised (alternatively they can be thought of as contracted with spinorial vielbeins). All expressions are in t 0 -cohomology and modulo the lowest order equations of motion (3.5) and (3.7). The notation is explained further below (5.4). (B.23) and
Making use of the gamma-matrix identity The terms we will need consist of terms with three to six fields. We define B.2.1 Three-field terms
B.2.2 Four-field terms
DλDλF F :
DλλDF F :
DλDλDλλ: 
(B.38)
B.3 The spinorial derivative of these terms
For our computations we need to know the spinorial derivative of these terms (modulo lowest order equations of motion). We compute them for an arbitrary ordering of the fields. We find 2D s W ∼ D 
